Abstract. We investigate Hopf braces, a concept recently introduced by Angiono, Galindo and Vendramin ([3]) in connection to the quantum Yang-Baxter equation. More precisely, we propose two methods for constructing Hopf braces. The first one uses matched pairs of Hopf algebras while the second one relies on category theoretic tools.
Introduction
The Yang-Baxter equation first appeared in the field of statistical mechanics in independent papers by Yang ( [16] ) and respectively Baxter ( [4] ). Given a vector space V , a linear map R : V ⊗ V → V ⊗ V is called a solution of the quantum Yang-Baxter equation if
in End(V ⊗3 ), where R ij denotes R acting on the i-th and respectively j-th components.
It is well-known that (1) is equivalent to the braid equation in the sense that R is a solution of the quantum Yang-Baxter equation if and only if Rτ is a solution of the braid equation, where τ denotes the flip map (see for instance [5, Proposition 114] ).
Although the problem of finding solutions to the Yang-Baxter equation is widely open, the interest it generated has led to the development of many fields and even to the appearance of new ones such as the theory of quantum groups. Due to its connections with various seemingly unrelated areas of mathematics and physics (e.g. knot theory, non-commutative geometry, conformal field theory, quantum groups, integrable systems, etc.), the Yang-Baxter equation was intensively studied from many different points of view and using a broad range of techniques.
Following an idea of Drinfel'd' ( [9] ), set-theoretical solutions of the Yang-Baxter equation are being studied quite intensively. An important class of solutions are the nondegenerate involutive set-theoretical solutions which led to the introduction of braces by Rump ( [13] ). The equivalent definition of a brace proposed in [8] opened the way for generalizing this concept to the non-commutative setting: skew-braces were introduced in [7] as a tool for studying the non-involutive set-theoretical solutions. This newly introduced concepts allow for methods from both group theory and ring theory to be used in studying set-theoretical solutions of the Yang-Baxter equation. Hopf braces were recently considered in [3] as the quantum version of skew-braces and, as expected, they provide solutions to the quantum Yang-Baxter equation. The purpose of this paper is to further investigate this new structures; more specifically we focus on constructing new examples of (cocommutative) Hopf braces. This is achieved on the one hand by using matched pairs of Hopf algebras and on the other hand by pursuing a category theoretic path. Although the idea of using matched pairs of groups or Hopf algebras for constructing solutions of the Yang-Baxter equation has been used before (see for instance [6] , [3, Proposition 3.2]) our approach is different from the existing ones.
The outline of the paper is as follows. In Section 1 we collect some auxiliary material needed in the sequel. Section 2 presents two methods of constructing new (cocommutative) Hopf braces from a given (cocommutative) Hopf brace which is a part of a matched pair of (cocommutative) Hopf algebras (Theorem 2.1, Theorem 2.5). One notable consequence is Corollary 2.6 which proves that any matched pair between two cocommutative Hopf algebras A and H gives rise to a cocommutative Hopf brace on the tensor product coalgebra A ⊗ H. Furthermore, any matched pair of groups or Lie algebras induces a cocommutative Hopf brace on the tensor product coalgebra of the corresponding group algebras, respectively the corresponding universal enveloping algebras (Example 2.7). Several explicit examples are also presented. Finally, Section 3 proves the completeness of the categories of Hopf braces and respectively cocommutative Hopf braces (Theorem 3.1).
Preliminaries
Throughout this paper, k will be a field. Unless specified otherwise, all vector spaces, tensor products, homomorphisms, algebras, coalgebras, bialgebras, Lie algebras, Hopf algebras live over the field k. For a coalgebra C, we will use Sweedler's Σ-notation ∆(c) = c (1) ⊗ c (2) with suppressed summation sign. We use the classical notations for opposite and coopposite structures: A op is the opposite of the algebra A while C cop stands for the coopposite of the coalgebra C. We refer to [15] for further details concerning Hopf algebras and to [5, Chapter 5] for a thorough background on the Yang-Baxter equation.
Without going into great detail, we collect here some useful notions and results which will be used in the sequel. Recall that a Hopf brace ([3]) over a coalgebra (H, ∆, ε) consists of two Hopf algebra structures on H, denoted by (H, ·, 1, ∆, ε, S) and respectively (H, •, 1 • , ∆, ε, T ), compatible in the sense that for all x, y, z ∈ H we have:
where the multiplication of the Hopf algebra (H, ·, 1, ∆, ε, S) is denoted by juxtaposition. In order to keep the notation simple, we will denote the two Hopf algebra structures of a Hopf brace simply by H and respectively H • . By setting x = y = 1 • and respectively
, it can be easily seen that in any Hopf brace we have 1 = 1 • (see [3] 
Examples 1.1. 1) Any Hopf algebra (H, ·, 1, ∆, ε, S) gives rise to a Hopf brace by considering x • y = xy for all x, y ∈ H. If H is cocommutative, the corresponding solution of the braid equation is given by:
2) If (H, ·, 1, ∆, ε, S) is a Hopf algebra such that S 2 = Id H then we can define a new multiplication on H by x • y = yx, for all x, y ∈ H, which together with the underlying coalgebra structure of H form a new Hopf algebra. Moreover, it is straightforward to check that (2) is trivially fulfilled and thus (H, ·, •, 1, ∆, ε, S, S) is a Hopf brace. If H is cocommutative (which automatically implies S 2 = Id H ) then we obtain the following solution of the braid equation:
3) An important class of examples can be obtained from group theory and respectively from Lie algebra theory. More precisely, in light of our previous example, any group algebra and respectively any universal enveloping algebra of a Lie algebra is an example of a cocommutative Hopf brace.
Since the first method we use for constructing Hopf braces relies on matched pairs of Hopf algebras and the corresponding bicrossed product, it will be worth our while to recall these notions.
Definition 1.2. A matched pair of Hopf algebras is a quadruple (A, H, ⊳, ⊲)
, where A and H are Hopf algebras, ⊳ : H ⊗ A → H, ⊲ : H ⊗ A → A are coalgebra maps such that (A, ⊲) is a left H-module coalgebra, (H, ⊳) is a right A-module coalgebra and the following compatibilities hold for any a, b ∈ A, x, y ∈ H:
is a matched pair of Hopf algebras then the k-module A ⊗ H with the tensor coalgebra structure and the multiplication defined as follows for all a, c ∈ A, x, y ∈ H:
is a Hopf algebra called the bicrossed product of A and H and will be denoted by A ⊲⊳ H. The antipode on A ⊲⊳ H is given by:
for all a ∈ A and x ∈ H.
Examples of bicrossed products include the semi-direct (smash) product as defined by Molnar ( [12] ) in the cocommutative case. More precisely, assume that (A, ⊲) is a left H-module bialgebra such that for all a ∈ A and x ∈ H we have:
is a matched pair of Hopf algebras where ⊳ : H ⊗ A → B is the trivial action (i.e. x ⊳ a = xε(a) for all a ∈ A, x ∈ H) and the multiplication on the corresponding bicrossed product takes the form:
Constructing Hopf braces from matched pairs of Hopf algebras
In this section we use matched pairs of (cocommutative) Hopf algebras in order to construct (cocommutative) Hopf braces. More precisely, we obtain new Hopf braces by starting with a given Hopf brace which is part of a matched pair of Hopf algebras. 
then A⊗H together with the tensor product coalgebra and the following algebra structures:
is a Hopf brace.
Proof. The multiplication on A ⊗ H defined by (12) together with the tensor product of coalgebras is obviously a Hopf algebra. Furthermore, since (A • , H, ◮, ◭) is a matched pair of Hopf algebras then A ⊗ H with the multiplication defined by (13) and the tensor product of coalgebras is also a Hopf algebra. Thus, we are left to prove that (2) holds true. Indeed, for all a, b, c ∈ A and x, y, z ∈ H we have:
where in the second equality we used the fact that (A, ◮) is a left H-module algebra while the fifth and respectively the sixth equality follow from the cocommutativity and commutativity of H.
Corollary 2.2. Let (A, ·, •) be a Hopf brace and H a commutative, cocommutative Hopf algebra. If (A, ◮) is a left H-module algebra and (A • , ◮) is a left H-module bialgebra then
A ⊗ H together with the tensor product coalgebra and the following algebra structures:
Proof. We apply Theorem 2.1 for the trivial right A • -module coalgebra on H, i.e. x ◭ a = x ε(a) for all a ∈ A, x ∈ H. Since (A • , ◮) is a left H-module bialgebra and (10) is fulfilled due to the cocommutativity of H, the tensor product of coalgebras A ⊗ H with the multiplication defined by (15) is a Hopf algebra. Now the conclusion follows from Theorem 2.1 by noticing that in this case the compatibility condition (16) 
Proof. We use again Theorem 2.1 for the trivial left H-module coalgebra on A • , i.e. x ◮ a = a ε(x) for all a ∈ A, x ∈ H. As (H, ◭) is a right A • -module bialgebra then the tensor product of coalgebras A ⊗ H with the multiplication defined by (15) is a Hopf algebra. Indeed, it is straightforward to see that the compatibility conditions (3)-(6) hold; for instance (6) is trivially fulfilled due to the cocommutativity of A. The conclusion now follows from Theorem 2.
for all i ∈ {1, 2, · · · , 5}, j ∈ {1, 2}. Moreover it can be easily seen by a straightforward computation that ⊳ :
] defined above satisfies compatibility (16) which in this case comes down to proving that for all g ∈ C 6 and h, h ′ ∈ C 3 we have
. Indeed, for instance we have:
all k ∈ N. Therefore, we have a cocommutative Hopf brace on k[C 3 ] ⊗ k[C 6 ] as in Theorem 2.1.
Theorem 2.5. Let A be a Hopf algebra and (H, ·, •) a cocommutative Hopf brace. If (A, H, ⊲, ⊳) is matched pair of Hopf algebras and (A, ◮) is a left H • -module bialgebra
such that for all a ∈ A, x, x ′ ∈ H we have:
Proof. Since (A, H, ⊲, ⊳) is a matched pair of Hopf algebras then A ⊗ H with the multiplication defined by (21) and the tensor product of coalgebras is a Hopf algebra with antipode given by (8) . Furthermore, as (A, ◮) is a left H • -module bialgebra then the tensor product of coalgebras A ⊗ H with the multiplication defined by (22) is again a Hopf algebra. Indeed, notice that (9) is trivially fulfilled by the cocommutativity assumption on H. Therefore, we are left to prove that (2) holds true. Indeed, for all a, b, c ∈ A and x, y, z ∈ B we have:
where the sixth equality follows by the cocommutativity of H while in the eleventh equality we used the fact that (A, ◮) is a left H • -module algebra. 
Proof. Indeed, this is an immediate consequence of Theorem 2.5 by seeing H as a cocommutative Hopf brace with x • x ′ = x ′ x (see Example 1.1, 2)) and considering the left H • -module bialgebra on A to be the trivial one, i.e. x ◮ a = ε(x) a for all a ∈ A, x ∈ H. It is now straightforward to see that in this case the compatibility conditions (19) and (20) 
It can be easily seen thst k[T ] is the universal enveloping algebra of the 1-dimensional abelian Lie algebra while H is the universal enveloping algebra of the 3-dimensional Heisenberg Lie algebra. Then, for any α, β ∈ k we have a matched pair of cocommutative Hopf algebras (k[T ], H, ⊲, ⊳) defined as follows for all n ≥ 1:
Using Corollary 2.6 we obtain a cocommutative Hopf brace on k[T ] ⊗ H.
Corollary 2.9. Let A, H be two Hopf algebras with H cocommutative. If (A, ◮) is a left H op -module bialgebra and (A, ⊲) is a left H-module bialgebra such that for all a ∈ A, x, x ′ ∈ H we have:
then the tensor product coalgebra A ⊗ H with the following algebra structures:
Proof. This can be easily derived from Theorem 2.5 by seeing H as a cocommutative Hopf brace with x • x ′ = x ′ x (see Example 1.1, 2)) and considering the right A-module coalgebra structure on H to be trivial, i.e. x ⊳ a = xε(a) for all a ∈ A, x ∈ H. In this case the compatibility condition (20) is trivially fulfilled while (19) amounts to (23) as desired.
Example 2.10. Consider k[C] to be the group Hopf algebra of the infinite cyclic group in multiplicative notation and let d be a generator of C. If k[X] denotes the polynomial Hopf algebra then given any α, β ∈ k * it is easy to see that ⊲, ◮:
defined below are left kC-module bialgebras:
and, moreover, (23) is fulfilled. Thus, we obtain a cocommutative Hopf brace on
Example 2.11. Let k be a field of characteristic = 2. C n denotes the cyclic group of order n generated by c and H 4 is the Sweedler's 4-dimensional Hopf algebra having {1, g, x, gx} as a basis subject to the relations:
with the coalgebra structure and antipode given by:
If ω, λ are n-th roots on unity in k, then (H 4 , ⊲) and respectively (H 4 
for all i ∈ N. Moreover, it can be easily seen that (23) 
Then the tensor product coalgebra A ⊗ H with the following algebra structures:
Proof. We apply again Theorem 2.5; H will be seen as a cocommutative Hopf brace with x • x ′ = x ′ x (see Example 1.1, 2)) and the left A-module coalgebra structure on H will be the trivial one, i.e. a ⊲ x = xε(a) for all a ∈ A, x ∈ H. Then (19) is trivially fulfilled while (20) comes down to (24).
We end this section with some generic examples of (cocommutative) Hopf braces and the corresponding solutions of the braid equation.
Examples 2.13. 1) Let A, H be two Hopf algebras with H cocommutative. If (A, ⊲) is a left H-module bialgebra then by Corollary 2.9 the tensor product coalgebra A ⊗ H with the following algebra structures:
is a Hopf brace. If A is cocommutative as well we obtain a cocommutative Hopf brace on A ⊗ H and a solution of the braid equation given by:
2) Let A, H be two Hopf algebras with H cocommutative. If (A, ◮) is a left H op -module bialgebra then by Corollary 2.12 the tensor product coalgebra A ⊗ H with the following algebra structures:
3) Let A, H be two Hopf algebras with H cocommutative. If (H, ⊳) is a right A-module bialgebra then by Corollary 2.12 the tensor product coalgebra A ⊗ H with the following algebra structures:
Example 2.14. Let g be a finite dimensional Lie algebra with k-basis {x 1 , x 2 , · · · , x n }. Then the adjoint representation of g uniquely induces a left U (g)-module bialgebra structure on U (g) given as follows for all i, j ∈ 1, 2, · · · , n and k ∈ N * :
commutative for all i ∈ I:
In order to prove that S, T : H op,cop → H are also algebra maps it will suffice to show that for all i ∈ I we have π i m(S ⊗ S) τ = π i Sm, and respectively π i m(T ⊗ T ) τ = π i T m. Indeed, having in mind that S i : H op,cop i → H i is an algebra map for all i ∈ I we obtain:
as desired. A similar computation shows that T is also an algebra map. Now exactly as in the proof of [1] one can prove that H, m, η, ∆, ε, S, and respectively H, m, u, ∆, ε, T are actually Hopf algebras. We are left to prove that (25) holds. As before, it will suffice to show that for all i ∈ I the following compatibility holds true:
Indeed, for all i ∈ I, we have: Now let f , g : A → B be two morphisms of Hopf braces. Consider S = {a ∈ A | f (a) = g(a)} and let C be the sum of all subcoalgebras of A contained in S. It can be easily seen (see the proof of [1, Theorem 1.7] ) that C is actually a Hopf subalgebra with respect to both Hopf algebra structures of A and is obviously a Hopf brace. Thus, (C, i) is the equalizer of the pair of morphisms (f, g) in k-HopfBr, where i : C → A is the canonical inclusion. Proof. The constructions are similar to those in Theorem 3.1. Indeed, we only point out that the product in the category of cocommutative coalgebras is simply the tensor product of the given family of coalgebras. Therefore, the product of a given family of cocommutative Hopf braces is the tensor product of the underlying coalgebras with the Hopf brace structure defined exactly as in the proof of Theorem 3.1.
